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Threshold singularities in the one-dimensional Hubbard model
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We consider excitations with the quantum numbers of a hole in the one-dimensional Hubbard model below
half-filling. We calculate the finite-size corrections to the energy. The results are then used to determine

threshold singularities in the single-particle Green’s function for commensurate fillings. We present the analo-
gous results for the Yang-Gaudin model (electron gas with S-function interactions).
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I. INTRODUCTION

The Hubbard model constitutes a key paradigm for strong
correlation effects in one-dimensional (1D) electron
systems.! Its Hamiltonian is

_ il T
H=- IE Cj.oCitlot Cisl oClot UE
J.o J

- BZ [nj,T - nj,l]a
J

WAL ME nj
J
(1)

where njyg=c;f,vcjyg and nj=n;;+n; . In the following discus-
sion, the magnetic field B will be set to zero, but we will
reinstate it in the calculations in Secs. III A, IV, and V. The
Hubbard model is solvable by Bethe Ansatz> and many exact
results are available in the literature.! Of particular interest in
view of experimental applications are dynamical response

functions such as the single-particle spectral function
1
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The spectral function is measured in angle-resolved photo-
emission experiments. Such measurements on the quasi-1D
organic conductor TTF-TCNQ have been interpreted in
terms of A(w,q) of the 1D Hubbard model.>* While high-
quality numerical results are available from dynamical den-
sity matrix renormalization group computations,*? it is so far
not possible to calculate Eq. (2) analytically from the exact
solution. However, using a field theory approach it is pos-
sible to determine low-energy properties exactly. In particu-
lar, the singularity as a function of w at the Fermi wave
number can be obtained using Luttinger liquid theory.® The
low-energy physics of the Hubbard model in zero magnetic
field is described by a spinful Luttinger liquid with Hamil-

tonian H=H_.+H,, where'’
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+ irrelevant operators.
Here, K,=1 (we are concerned with the B=0 case for the
time being) and the spin and charge velocities v, ; as well as
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the Luttinger parameter K. are known functions of the den-
sity and interaction strength.! The Bose fields ®, and the
dual fields O, fulfill the commutation relations
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The spectrum of low-lying excitations (relative to the ground
state) in a large but finite system of size L is given by'8

=im,50(x - y). (4)
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where AN,, D, and N:f are integer or half-odd integer
“quantum numbers” subject to the selection rules

AN, + AN,

N, €Ny, AN,e7, D.= mod 1,

D, = %mod 1. (6)
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We note that the form of the finite-size corrections implies
that in the finite volume the spin and charge sectors are not
independent but are in fact coupled through the boundary
conditions of the fields ®,, ®,. Neglecting the effects of the
irrelevant operators in Eq. (3) makes it possible to calculate
A(w,q) at low energies."®7 The spectral function is found to
exhibit singularities following the dispersions of the collec-
tive spin (“spinon”) and charge (“holon”) excitations. The
exponents characterizing these singularities are given in
terms of the quantum numbers AN,, D, and Ni.

In a series of recent works®2° it was demonstrated for the
case of a spinless fermions, that neglecting the irrelevant
operators perturbing the Luttinger liquid Hamiltonian leads
in general to incorrect results for singularities in response
functions. Using a mapping to a Luttinger liquid coupled to a
mobile impurity and taking the leading irrelevant operators
into account nonperturbatively it is possible to determine the
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FIG. 1. (Color online) (a) Support of the single-particle spectral
function. A(w, P) is nonvanishing in the shaded areas. €,(P) is the
dispersion relation of the collective spin excitations (“spinons™).
The blue lines depict the linearized dispersions *uv (P—kp) and
*v,(P+kp) that underlie the Luttinger liquid approximation. (b)
Structure of the single-particle spectral function in the Luttinger
liquid approximation for momenta close to kr and P <kp. There is
a singularity at negative frequencies w=-v(kp—P) and a power-
law “shoulder” at positive frequencies w=v.(kg—P).

exact singularities in response functions.®! Crucially, these
singularities are generally momentum dependent (Fig. 1).
Two recent preprints have addressed the generalization to
spinful fermions.??>?* In particular, Ref. 23 derives expres-
sions for the exponents u, + characterizing the singularities
of the single-particle spectral function (2). The resulting
spectral function is depicted in Fig. 2.

Our goal is to provide an exact expression for the thresh-
old exponents ,_ in terms of the microscopic parameters

A(o,P)
Ho- ‘

gs(P) —&5(P)

FIG. 2. Power-law singularity in the single-hole spectral func-
tion for |P|<kg. There is a singularity at negative frequencies w
=¢,(P) with a momentum-dependent exponent uo_ and a power-
law “shoulder” at positive frequencies w=—€,(P).
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entering the Hamiltonian, i.e., U, u, and B in the case of the
Hubbard model. This is achieved by determining the finite-
size corrections to low-lying energy levels in presence of a
high-energy excitation. Comparing the results obtained from
the Bethe Ansatz solution of the Hubbard model as well as
the closely related Yang-Gaudin model to field theory predic-
tions, we are able to derive explicit expressions for the
threshold exponents. In the Yang-Gaudin case our explicit
results agree with the relations of spectrum and exponents
proposed in Ref. 23 for Galilei-invariant models.?*

There is one caveat for the case of the Hubbard model. As
for any lattice model it is possible to generate low-lying
excitations for any momentum by combining multiple Um-
klapp processes if the band filling is incommensurate. A
completely analogous situation is encountered for spinless
fermions.'® Hence for incommensurate fillings no thresholds
exist. While we would still expect the spectral function to
feature peaks associated with the thresholds of particular ex-
citations, in particular those involving small numbers of ho-
lons and spinons, these peaks will no longer correspond to
singularities. In order to circumvent this problem we will
consider only the case of commensurate fillings in the Hub-
bard model.

The outline of this paper is as follows. In Sec. II, we
briefly review the Bethe Ansatz description of the ground
state of the Hubbard model. In Sec. III, we present the exci-
tations that give rise to low-energy thresholds around the
Fermi momentum in the Hubbard model. In Secs. IV and V,
we determine the finite-size spectrum of excited states de-
scribing these thresholds. In Sec. VI, we relate these results
to the field theory treatment of the threshold problem and
extract threshold exponents. In Sec. VII, we summarize the
analogous results for the Yang-Gaudin model.

II. BETHE ANSATZ EQUATIONS FOR THE HUBBARD
MODEL

The logarithmic form of the Bethe ansatz equations of the
Hubbard model for N electrons out of which M have spin
down (for real solutions only) is

" sink;,— A
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kjL—27T1j— E, 9( " ), j=1,...,N,

a=1
N M
A, —sink; A,— A
D 0(&) 2w+ D 0<a_§)
= u Bl 2u
a=1,...,M. (7)

Here
u=—, (8)

the length of the lattice L is taken to be even, 6(x)
=2 arctan(x) and I}, J, are integer or half-odd integer num-
bers that arise due to the multivaluedness of the logarithm.
They are subject to the “selection rules”

. J integer if M is even ©)
7 ™| half-odd integer if M is odd,
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. J integer if N-M is odd (10)
is
* 7| half-odd integer if N—M is even,
L L 1
_Zan== l=-(N-M-1). 11
> Shi=3 Vol 2( ) (11)

The energy (in units of 7) and momentum of such Bethe
ansatz states are

N
E=uL+2BM - 2, [2 cos(k;) + u+2u + B],
j=1
277 N M
P=Xk="—| 2L+ J,| (12)
j=1 L j=1 a=1

Ground state below half-filling
Following Sec. 7.7 of Ref. 1we now take consider the
ground state below half-filling. We have

N=NGS’ M=MG3, (13)

where we take Ngg=2 X odd and Mgg=0dd. We note that in

zero magnetic field we have Mgg= 1% Our choice for N and
M implies that /; are half-odd integers and J,, are integers. In
the ground state all vacancies are filled symmetrically around
zero

. Ngst+1 |
]J.:]—T, J=1,...,Ngs,
Mgg+1
Ja=a—%, a=1,... . Mgs. (14)

It follows from Eq. (12) that the ground-state momentum is
zero. The bulk ground state energy can be expressed in terms
of the solution of the following set of coupled integral equa-
tions

1 A
p.(k) = — +cos kf dAa,(sin k= A)p,(A), (15)
2w A

Q
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A
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1 2nu
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a,(x) =

The integrated densities yield the total number of electrons
per site and the number of electrons with spin down per site,
respectively
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(18)

The integration boundaries Q and A can be fixed in terms of
Ngs and Mg by these equations. Alternatively one can de-
fine dressed energies by

A
€(k)=—2cosk—u—-2u-B+ f dAa,(sin k= A)e(A),
-A
(¢
€(N)=2B+ f dk cos(k)a,(sin k — A)e (k)
-0
A
—f dN'ay)(A-AN)e(A'). (19)
-A

Here, the integration boundaries =Q and *A are by defini-
tion the points at which the dressed energies switch sign, so
that they are determined as functions of the chemical poten-
tial and the magnetic fields via the conditions

€(+0)=0, &(+A4)=0. (20)
The bulk ground-state energy per site is

(Y]
egs = f dk(=2 cos k— u—B—2u)p. (k) +2Bn,+u
-0

Qo
=f dak €.(k) +u. 21)
o?2m

III. EXCITATIONS WITH CHARGE -¢ AND SPIN %

We now consider an excitation over the ground state with
the quantum numbers of a hole with spin down. As the total
charge must be one less than in the ground state we must
have

N=NGS_ 1 (22)

Recalling that the z component of total spin quantum number

is §° =N_22 M e see that relative to the ground state we must
have
21+ 1
oSt = 5 I e N,. (23)

Equation (23) requires an explanation. As shown in? the
Bethe ansatz states only provide highest-weight states of the
SO(4) symmetry?® of the Hubbard model. The corresponding
SO(4) multiplet is then obtained by acting with lowering
operators. As a result, for any excitation given by the Bethe
ansatz with 65°= ZIT” for non-negative integers / we can con-
struct an excited state with 6SZ=% by acting with the spin
lowering operator. In presence of a magnetic field this shifts
the energy by —2BlI.

A. Holon-spinon excitation

The simplest excitation with the quantum numbers [Eq.
(23)], Eq. (22) is two parametric' and obtained by setting
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FIG. 3. Distribution of integers for the holon-spinon excitation
for Ngs=14, Ms=7. The positions of the two holes are I" and A"
respectively. We have shown the configuration where the /; range

N N N,
from —*-1 to —*, but we equally well can choose them —*=<I;

S%—l. The two possibilities give rise to the two signs in Eq.

(27).

N=Ngs—1, M=Mgs—1, (24)

in the Bethe ansatz Eq. (7). It then follows from Egs. (9) and
(10) that both ; and J,, are integers. In order to see that we
are dealing with a two-parametric excitation we consider the
number of vacancies for the integers /; and J,, [Eq. (11)]. As

L L

—-—<I].=—, 25)
2 () (

there is the same number of vacancies for the / j’s as in the
ground state, but we have one fewer integer, i.e., one addi-

tional “hole.” Similarly we have
1
Vol = E(NGS_MGS_U’ (26)

which tells us that we have the same number of vacancies as
in the ground state but one root less, which leaves one hole.
It is useful to plot the distribution of integers. This is done in
Fig. 3.

The energy and momentum of the “holon-spinon” excita-
tion described above are determined in Chap. 7 of Ref. 1

(@) Phs
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E =— €.(K") — ,(A"),

Phs = _pc(kh) - ps(Ah) * e, (27)

where the dressed energies are defined in Eq. (19) and the
dressed momenta are

k
pclk) = 277f dk'p (k'"),
0

o

ps(A) = 7T(nc - ns) - 277][\ dAps(A) (28)

The extra contribution * 7, in Eq. (27) arises as the distri-
bution of /;’s is asymmetric with respect to the origin. In zero
magnetic field the equation for p,(A) can be simplified

Q
e _ ZJ dk arctan[exp(— E(A
2 -0 2u

ps(A)|B=0 =

- sin(k}) ] p.(k). (29)

In Fig. 4, we plot the upper and lower boundaries of the
holon-spinon continuum for two different band fillings in
zero magnetic field. We see that as expected there are soft

T

7 -

modes around *kp=

B. Holon-3 spinon excitation

Other kinds of excitations with the quantum numbers [Eq.
(23)], Eq. (22) involve more than two “elementary” excita-
tions. As we are interested in the threshold of the spectral
function, we focus on excitations that lead to the smallest
possible energy for a given momentum. This leads us to con-
sider holon-3 spinon excitations characterized by a solution
of the Bethe ansatz Eq. (7) with

0.4

\
0

(b) Prs

FIG. 4. Boundaries of the holon-spinon excitation continuum in zero magnetic field for (a) u=1 and density n.=0.5 and (b) for u=1 and

n.=0.2.
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FIG. 5. (Color online) Boundaries of the holon-3 spinon excitation continuum in zero magnetic field for (a) u=1 and density n.=0.5 and
(b) for u=1 and n.=0.2. The boundaries of the holon-spinon continua are depicted by the dashed blue lines.

N=NGS—1, M=MGS—2. (30)
It follows from Egs. (9) and (10) that both /; and J, are
half-odd integers. In order to see that we are dealing with a
four-parametric excitation we consider the number of vacan-

cies for the integers /; and J, [Eq. (11)]. As

L <I;= L (31)
2 I

there is the same number of vacancies for the / ’s as in the
ground state, but we have one fewer integer, i.e., one addi-

tional hole. Similarly we have

1
ol = E(NGS - Mgs),

(32)
which tells us that we have one more vacancy than in the
ground state but two roots less, which amounts to three
holes. The energy and momentum of this excitation are

3
Ejgs=— Ec(kh) - E Es(A;'l)s
=1

3
Phsss == pc(kh) - (E PY(Ajl)> s (33)
Jj=1

where the dressed energies and momenta are defined in Eqs.
(19) and (28), respectively. We note that there is no addi-
tional constant contribution to the momentum because both
the /; and J, are half-odd integers, leading to symmetric
distributions of roots in the absence of holes. In Fig. 5, we
plot the upper and lower boundaries of the holon—3 spinon
continuum for two different band fillings in zero magnetic
field. We see that in part of the Brillouin zone the holon-3
spinon threshold is lower in energy than the holon-spinon
continuum.

C. Thresholds in zero magnetic field

We are now in a position to determine the lower bound-
aries of the holon-spinon and holon—3 spinon continua in the
vicinity of k. We find that the lower boundary is obtained as
follows:

O<PhS<kF'

Here the threshold is identical for both types of excitation
considered above. The leading singularity of the spectral
function is given by contribution of the holon-spinon con-
tinuum. The threshold is obtained as follows: we choose the
plus sign in Eq. (27) and place the holon at its right “Fermi
point,” i.e.,

(34)

It therefore carries zero energy and momentum —mn,.. For
P, =k the spinon has rapidity A"=—o, which corresponds
to momentum sz%. Taking the spinon rapidity from A"
=- to A"=0 then traces out the lower boundary of the
holon-spinon continuum for 0 <P, <kp.

2kp> Py > kp.

Here, the threshold is given by the holon-3 spinon con-
tinuum. It is obtained by placing the holon at its left “Fermi
point”

Ihz_NL_l

, K'=-0. 35
5 0 (35)
It therefore carries zero energy and momentum 7mn.=2kp.
Two of the spinons are placed at their left and right Fermi

points, respectively

Mgs

Jh=x
1,2 2

h
. A= * oo (36)
Their contributions to the total momentum cancel. To obtain

total momentum P, =k the third spinon is taken to have
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™,

rapidity A"=c0, which corresponds to momentum —kp=——5".
Taking the spinon rapidity from A= to A"=0 then traces
out the lower boundary of the holon-3 spinon continuum for
kp <P <2kp.

At this point an obvious question to ask is whether other
excitations may lead to even lower thresholds. As we have
restricted ourselves to commensurate band fillings and zero-
magnetic field the answer close to k; is negative. This fol-
lows from the general expression for the low-energy part of
the spectrum Eq. (5). This strongly suggests that the thresh-
old of the spectral function is given by the two excitations
given above and we will assume this to be the case in what
follows.

D. Holon-spinon threshold in zero magnetic field

It is conceivable that the spectral function A(w,q) could
exhibit features associated with the threshold of the holon-
spinon excitation in the momentum range where the thresh-
old of A(w,q) occurs at a lower frequency. We therefore
determine the threshold of the holon-spinon excitation in
zero field in the momentum range 2k;> P, > kg. It is ob-
tained by choosing the plus sign in Eq. (27) and place the
spinon at its Fermi point, i.e.,

NGS_2

Jh=-
4 b

Ar=—o, (37)
It therefore carries zero energy and momentum % For Py,
=k the holon has rapidity k"=Q, which corresponds to mo-
mentum —7n,. Reducing the holon rapidity from k"=Q
traces out the lower boundary of the holon-spinon continuum
for kp <P <2kp.

IV. THRESHOLD AT 0<P <k FOR THE HOLON-SPINON
EXCITATION

In the following, we consider the threshold at 0 <P <kp
for the holon-spinon excitation. By virtue of Eq. (34) we are
dealing with a distribution of integers /; that is symmetric
around zero. The free parameter is then the spinon rapidity
A". More precisely, the distributions of integers are

I,——7+], 1=j=Ng-1,
Mg+ 1 Mg+ 1
=S ya ifl=a<—S—4 )
2 2
S 1
=S hatl if Bt = a=Mg- 1
2

(38)

Our goal is to determine the finite-size corrections to the
energy of this excitation in the limit

J" Nos M
=, =9 TOived.  (39)

LJ"Ngg,Mgg — °, ,
GS GS L L L
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A. Finite-size corrections

Our starting point are the Bethe ansatz Eq. (7) for the
holon-spinon excitation where the holon sits at the Fermi
momentum of the k;’s. It is convenient to write them in terms
of counting functions

sin k—Aa>

u

1 M
(k) =k+—, a( (40)
La:l

N . M
ZS(A) — 12 9(%) _ lE 0<u§> (41)
L5 u Lo 2u

The Bethe Ansatz equations then read

2ml; 2w/,
zc(kj)=Ti, Z(A) = L (42)

We now turn these into integral equations by means of the
Euler-Maclaurin sum formula

1< [n /L 1 L n_ [ ny
22f<z>f dxf(x)*m[f (z)‘f (z)]

+ o, (43)
where

1 1
n+=n2+5, n_:n]—E. (44)

For the specific excitation we are considering we have
Ngs—1

Lo=x=%—

2

M
Jo=+ —ZGS. (45)

Using Eq. (43) in Eq. (41) and then changing variables from
x (i.e., integers divided by L) to the rapidities we arrive at

A . . h
+ k—A\ 1 k—A
zc(k)=k+J dApx(A)G(Sm—> ——0(Sm—L>
u

A L u
1 [a(sink-A,) a;(sink—A_) 5
* 24L2{ pd) | plA) } +oll).
(46)
o, o
(M) = f dkf)(w)pc(k)
o u
A (A=A L A-A’;)
_L_ dN'pA )'9( 2u )+L0( 2u
. 1 {al(A —sin Q,)cos Q,
2417 p(0,)
~ a;(A =sin Q_)cos O_ ~ a)(A-A,) . a(A —A_)}
p(Q-) ps(A) ps(AL)
+o(L7?). (47)

Here a,(x) is given in Eq. (17), the integration boundaries are
fixed by
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2l . 27 .

Zc(Qt) = L ) Zs(Ai) = L s (48)
and the root densities are defined by
dZS(A) dZL(k)
2 AN)=—— 2mpk)=—". 49
mp(A) ==+ mpk) == (49)

In addition there is the equation fixing the position of the
hole

27"
z,(A]) = 7 (50)

Here our notation makes the L-dependence of the rapidity of
the hole explicit. Taking derivatives of Eq. (47) we obtain
coupled linear integral equations for the root densities p,.

A+
p.(k) = 1 + cos(k)f dApy(AN)a,(sin k- A)
2T A

a;(sin k— Ag)cos k

cos k{a,’(sin k—A,)

- L T Ay
a;(sin k—A_)}
- | (51)
ps(AL)
[N Ay
ps(A)=]  a;(A-sink)p.(k) - f dA'p(A")ay(A-A")
o_ A_
. laz(A _Ahy s 1 2{a{(A —sin Q,)cos Q,
L 24L p(Q,)
aj(A—sin Q_)cos O_  aj(A-A,)
p(Q.) ps(AL)
aﬂA—AJ}
+ . (52)
ps(AL)
In shorthand notations these can be written as
Pa=py +Kap* pps (53)

where * denotes convolution on the interval [Q_,0,]
([A_,A,)) if B=c (B=s). The components of the matrix ker-
nel are

K. (k,k')=0, K (k,A)=cos(k)a(sin k- A),

K (AK) =a(sink=A), Ky (AA)=—ayA-A").

(54)

It is useful to introduce a unified notation for the integration
boundaries

+ if a=
Xi={Q if a=c (55)

A. if a=s.

Using the Euler-MacLaurin sum formula on the expression
for the energy (12) we obtain
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xt
E=Lu+LY f dz€%(2)pa(z) — €V(AM)
a Xf

Ly el () e () 56
ULY puXD T puX
where the prime denotes the derivative with respect to the
argument and eff) are the bare energies, i.e., the driving
terms in Eq. (19)

€Vk)=-2cos(k) - u—2u-B, €V(A)=2B. (57)

Now we have to solve the system of Eq. (52) with bound-
ary conditions (49) in by expanding both the densities and
the integration boundaries in inverse powers of L. As the
integral equations are linear we may proceed by first keeping
the integration boundaries general and only expanding the
densities as

- ! Lo S50
pal2) pa,o(z)+Lpa,1(z)+24L2BFt palXB)’ (58)

The various parts then fulfill the integral equations
=p0 + K5 =0,1 (59)
pa,a - pa’,u + af pﬁ,a’ a=u,1,
D=d D+ Koy 17, (60)

where the driving terms are given by

5&‘6
Pas@) =2, (61)
a
P(D(Z)1 (Z) == Ka‘v(Z’Aﬁ) 5 (62)
{9 == Ko, (63)
a7’ o'=xb

The integral equations for the f’s are solved by formal (ma-
trix) Neumann series and using this we can bring the expres-
sion for the energy in the form

X2
E=Lu+LY, f dze9(2)pao(z) — €V(AD)
a Xfy

e
+ 2 J dZE(C?)(Z)Pa,l(Z) - i(vs + Uc)7 (64)
a Xf 6L

where the spin and charge velocities are

! Xa
UQ=L)H, a=c,s. (65)
277pa,0(X )

Let us denote the first two terms in Eq. (64) as Legs({X4}).
We consider it as a functional of the integration boundaries
and expand it to second order around *X¢ i.e.,
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eas({XL}) = eqs({X)) + ,82}7 5_X§ ecs({X5)) | (X2 - oxP)
XP=gxB
's |2 N PR
+ 2400 . 5Xg5XZ o egs({X3)) [(XE - oXP) (XY - 7X7). (66)
X=X

We find that the linear term vanishes by virtue of the Eq. (19)
for the dressed energies. For the quadratic term we find after
some calculations

52 o a\72
m Xg=UXBeGS({Xi}) = 5aﬂ5072m}a[pa,0(x )] .
XZ:TXV

(67)

The third and fourth terms in Eq. (64) can be simplified
using the integral equations for the dressed energies. Intro-
ducing the shift of the hole rapidity in the finite volume by

1
Al =AMy ZaAh, (68)
we can express the finite-size energy as

E=Legs({X*}) — (") + L7 v {l pao X (XS - X

oKX+ X P = (0,00 - % (AM)SA",

(69)

We may calculate SA" from the equation

pX Y A A" —sin k
z,(A}) = I f dch,o(kW(L—)
o_ u

A, Ah _ A
- f dApy(A) 9( >
B ’ 2u

A

1 (¢ A} —sink
+ _f dkp, 1(@0(&)
L], ’ u

1 (4 AP A
——f dAp“(A)e( L
L)_, ’ 2u

) +o(L™"). (70)

Using the definition (68) we obtain

SA" =~ 2 WPAN[XE - oXP]

Zﬁps,O(Ah) B.o

L lfQ 0 (kw(/\h—sink)
2mp, (A L) o P! u

S o

1 A
—-— | dAps (A6
LfA ps,l( ) (

Here
PI(A") = [opﬁ,o(xﬁ)gﬁ,,,m")

(Y] Ah_ in k
¥ f k') (k) 9(¢>
Q M

4 A=A
_ o)
f_AdA S,B(A)ﬁ( » )} (72)

where g, ,(A")= Q(M)’ gs!a(Ah)=—0(M2_—u(m) and the
functions r(a‘z fulfill the integral equations

rz2e) = 0P 0 XP)K g2 OXP) + K 1 r(v{g|za' (73)

B. Relating X5 — oX* to quantum numbers

In the next step we want to express the deviations of the
integration boundaries from their thermodynamic values
through appropriate quantum numbers. We define N, by

N, I,-1. (%

= == dk k,
ne="r . f_ pc(k)

N, J,—-J fA+

==="""=— | dAp,A). 74
= . N ps(A) (74)

We note that the number of down spins is N,—1 rather than
N, as we have one “deep” hole in the distribution of A’s. The
other quantities we want to use are

2D, =1, +1 = =[2.0,) +2.(0)].
21
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L
2D =J,+J_=—[z,(A,) +z,(A))]. (75)
2m
Using the integral Eq. (47) for the counting functions z, ; we
can rewrite these as

2D,
L

A_ o]
= 2ds = f dAps(A) - f dAps(A)’
- A,

m

2D
dkp,(k)

L

o_
€=2d.= f dkp, (k) -
—r 0,

Ay h
_lf dAe(é>ps(A)+L0<A_). (76)
w4 u 7wl \ u

We have to order 1/L

x¢ 1 (X~
Ny = f dzpao(2) +— J dzpg,(2). (77)
xe L) _xe

The second term no longer depends on X{, and is denoted by

) Qo
o [
-0

A
N = f dkpyi(A). (78)
A

The variation of the integration boundaries X;; with nz is now
easily calculated to leading order in L™!
ax¢ 1 Z,
t_ul Zap (79)
ﬁnﬂ 2 pa,O(X )

Here the dressed charge matrix Z

(écc(Q) fm(A))
£0) &) )

is given by Z,5= §QB(XB), where &, fulfill the set of coupled
integral equations

(80)

£apl2p) = Bapt Eay* Kol (81)
Similarly we have

A o
— 2 .
2d, = J dApyo(A) - f dAp,o(A)+ DI,
— A+

o0

™

o
2dc = f dkpc,O(k) - dkpc,O(k)

T 0,

1 Ay A 2 .
- —f dAH(—)pS,O(A) + Zchmp, (82)

T) u

where

—A 0
2D = f dAp,(A) - f dApg(A),
A

-0

PHYSICAL REVIEW B 81, 205120 (2010)

A - i
2chmp = f dkpc,l(k) - J dkpc,l(k)
— 0

A h
—lf dAﬁ(é>ps!1(A)+lH(A—>. (83)
mJ_y u T\ U

These allows us calculate the dependence of the integration
boundaries on d,,

X% Z g0
== _,3_0( (84)
19dﬁ Pa,o(X )

Combining Eq. (79) with Eq. (84), we obtain the described
relationship between the change in integration boundaries
and the quantum numbers n,, d,

1z} 1. zr
XEF XY=+ - —2 {Anﬁ——N;;“PL—L“ "
zpa,O(X) L pa,O(X)
1 .
X| Adg— =D |. 85
gy o] 9

Here An, ; and Ad, ; are the changes in the quantum numbers
[Eq. (74)], Eq. (76) compared to the ground state.

C. Result for the finite-size energy

Putting everything together we then arrive at
E=Legs({X“}) — &(A")

1
+ Al 76—7(03 +v,) — €. (A" SA"

AN, - _
+ 27{ —24 (Z) a0 aZapANg+ D Z. 0 QZQBDB:| } )
(86)
Here we have defined
AN,=AN,-N™,
D,=D,-D™. (87)

In writing Eq. (87) we have used that for the ground-state
D,=0. The first term in Eq. (86) is the ground-state energy,
the second term the excitation energy in the thermodynamic
limit and the remaining contributions give the L~ correc-
tions. For our case, we have

NC=I+_I—=NGS_1’ Ns=J+_J—=MGS’

DC=I++I_=O, DS=J++J_=O. (88)
2 2
For the ground state, we have
N.=Ngs, N;=Mgs, (89)
which gives
AN.=-1, AN,=0. (90)
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D. Relation of N'™ to the spectrum

The quantities N'™ are given in terms of the solutions to
the coupled integral Eq. (59). It is possible to relate them to
properties of the dispersions of the elementary excitations as
follows. The integral equations for p,; are formally solved
by

Pa,1=(1—K)ag*PB1=_(1—K)a,3*KB; (1)

Substituting this into the equations for N™ we obtain

. Q A Q A
NP = f dk(1 - K)p* Ky =~ f dk(1 = )2} (k, AP,
-0 Y

A
i -1
Nimpz—fAdA(l —K)xﬁnkl(,aY

A
=1- f dA(1 - K); (ALAT). (92)
-A
Here we have used e.g.
(1-K)p# Kgo=(1-K)p# (K= 1+1)=(1-K)/.
(93)

On the other hand, by differentiating the integral Eq. (19) for
the dressed energies we obtain

de, Je
_E*KB = Ope» (94)
mw  Jdu

which are solved by

ge,

9]
= J dk(1 - K)Z (k.z,). (95)
(?,u -0

This gives us our first relation

. a Ah
NP = % (96)

By comparing Eq. (94) to Eq. (81) we observe that

%(Za) ==

P &ealza)s (97)

which in conjunction with Eq. (96) allows us to relate N"nlD to
the dressed charge matrix as N™=—&_ (A”). This generahzes
the analogous relation for the spin-1/2 XXZ chain found in
Ref. 19. A second relation is obtained by considering

(96 Je
_é *KBa+25as_ 5&(" (98)
JoB 0B

Comparing this to Eq. (81) and using the linearity of the
integral equation we observe that

Je,

5 =260 &ear (99)

The formal solution of Eq. (98) is

PHYSICAL REVIEW B 81, 205120 (2010)

Je e A A

—“=—“+2J dA(1-K);}. (100)

0B du _A

Our second relation is then
) 1| de (A  de(A"
MWEI__[ (A" e )}zl_g@Vy
2 JdB i

(101)

E. Simplification for zero magnetic field

In the absence of a magnetic field we have A= which
allows us to simplify our results for the finite-size corrections
to the energy Eq. (86). The dressed charge matrix takes the
form!

0
Z= 1, (102)
_/_

V2

N o U

where £=&(Q) is obtained from the solution of the integral
equation
9]
&k)=1 +J dk’ cos(k")R(sin(k) — sin(k"))&(k’).
-0
(103)

Here, the function R(x) is

l

R
() = J;o 271 + exp(2u|

and can be expressed in terms of the Digamma function. The
integral equations for the dressed energies and root densities
simplify to'

(104)

€.(k)=-2 cos(k) — u—2u

(¢
+f dk' cos(k")R[sin(k) — sin(k")]e.(k"),
-0

9]
€(A) = f dk cos(k) s[ A - sin(k)]e.(k),
-0
1 (9]
p(k) = by + cos(k)f dk'R[sin(k) — sin(k")]p.(k")

(9]
thfdmmﬂmmm& (105)
-0

1

where s(x)=———
4u cosh(g)

. The finite-size energy can be ex-

pressed as
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N imp

(a)

N imp

PHYSICAL REVIEW B 81, 205120 (2010)

FIG. 6. (Color online) ijmp as a function of momentum for u=0.5,1,2 and densities (a) n,=0.2 and (b) n.=0.5.

— al) _ h _1 _l (AR h
E_LeGS({X }) 65(A ) 6L(Us + vc) Les (A )5A

i 2 2
20, | (AN, - N™) 52( Dimp+&)
L 48 )
2m,| 1 AN, 1\* D?
: ‘(ANS— ——> +— | (106)
L [2 2 2 2
where

Q
N™P = QNP _ | = f dkpe.;(k), (107)

-0
D™ =0, (108)
0 {
| ‘\\'§,§A\\ _u=0.5 B
r \‘\5\\.\ -— u=1 b
I 10 —eu=2 | |
011 \‘\\-\Q\ e
£ 3 BN ]
=X NN ]
-0.21- \\\v}:\\\ N
L \ \ \ N
0 0.25 0.5 0.75 1

(a) P/k

ks
2D™ = J
0

sin k

it

Ah
dk[pc 1( k) P, l(k)] +— 0|:tanh< 4u ):|

sin k

)

sin k

dkp,.; (k)i In (

R

Here p,; is the solution to the integral equation

|

cos(k)
(A" = sin k)

2u

pc,l(k) =-
4u cosh{

sin k

o)

(109)

[¢]
+ cos(k)f dk'R(sin k —sin k")p,. (k).
-0

(110)

The fact that D™=0 is established in Appendix A. The re-
lation Eq. (96) of N™P to the dressed energy of spin excita-

FIG. 7. (Color online) Dif“p as a function of momentum for #=0.5,1,2 and densities (a) n.=0.2 and (b) n.=0.5.
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J"o ‘Ja

FIG. 8. Distribution of integers for the threshold of the holon-3
spinon excitation. The hole in the distribution of /; is at —(Ngs
—1)/2 and the three holes in the distribution of J,, occur at +=Mgg/2
and J", respectively.

tions remains valid for zero magnetic field, i.e., we have that

imp_ 9&(A")
NP = E( ! The quantum numbers AN, D, for the holon-
spinon CXCItatIOIl in zero magnetic field are

D.=D,=0, AN,=-1, AN,=0. (111)

This shows that there are no L™! corrections to the excitation
energy in the spin sector. In terms of the field theory picture
(see Sec. VI) of a deep hole interacting with the gapless
Luttinger liquid degrees of freedom this shows that the inter-
action of the deep hole with the gapless spin sector is indeed
irrelevant. Due to the presence of the marginally irrelevant
interaction of spin currents we expect logarithmic correc-
tions, but these are beyond the accuracy of our finite-size
calculation. ' '

Explicit values for the quantities N."® and D" are readily
obtained from a numerical solution of the linear integral Eq.
(110). We present results for several values of u and two
band fillings in Figs. 6 and 7.

Large-u limit

In the strong interaction limit #>1 we can solve the in-
tegral Eq. (110) by iteration and obtain explicit results. To
leading order we find

Dicmp ~ Ps(Ah) —_ i’ Nimp ~ _ Sln(Q)

27, Ak ¢ 2u cosh(mA"2u)
(112)

V. THRESHOLD AT k<P <2kr FOR THE HOLON-3
SPINON EXCITATION

We now want to determine the finite-size corrections to
the energy of the holon-3 spinon excitation along the low-
energy threshold in the momentum range kp <P <2kg. The
threshold of this excitation is described by the Bethe Ansatz
Egs. (7) with N=Ngg—1, M=Mgs—2 and half-odd integer
numbers

Ngs—1
1'=—L+j,

f 5 1=j=Ngs-1,

PHYSICAL REVIEW B 81, 205120 (2010)

M Mg
——Bia  ifl=sa<—B4 )
2 2
1=\ 1
—%+a+1 fT+Jh<a<MGS—2

(113)

The corresponding distributions of half-odd integers are
shown in Fig. 8.

The calculation on the finite-size corrections to the energy
now proceeds just like for the holon-spinon excitation. The
result is given by Egs. (86), (87), (78), and (83) where now

NC:I+_I—:NGS_1’ NS=J+_‘I—:MGS_1’

e+
)

=0. (114)

[\®)
|
8]

Recalling that in the ground state the
are

N, quantum numbers

NC=NGS’ NS=MGS7 (115)

we conclude that for the holon—3 spinon excitation we have

1
D,.=—,

D,=0.
5 D,

(116)
The reduction in the zero-magnetic field case is completely
analogous to the holon-spinon excitation. Hence, the energy
is again given by Egs. (106), (109), and (110), but the quan-
tum numbers N, D, are now given by Eq. (116).

VI. FIELD THEORY

We now relate our results to the field theory treatment of
Ref. 23 for the threshold singularity problem. There it was
shown that a high-energy excitation in a spinful Luttinger
liquid can be mapped to a mobile impurity in a Luttinger
liquid. The corresponding Hamiltonian is H=X .. H,+H,
+H;,,,, where

Vg 1 [(od,\* 90,\>
Ha=_ d.x - +Ka ’
2 K, \ odx ox

= f dxd'(x)[e,(P) — iud ]d(x),

Ve-V, Vep+
Hy = J dx{uax@)c R Laap} d(x)d'(x).
2T 21T

(117)

Here the Bose fields @, and the dual fields ®, fulfill the
commutation relations (4), d(x) and d' are annihilation and
creation operators of the mobile impurity, which carries mo-
mentum P and travels at velocity u. The parameters Vi,
characterize the interaction of the impurity with the low-
energy charge degrees of freedom. The parameters of H,
and H; in Eq. (117) are readily identified with quantities
obtained from the Bethe Ansatz. The spin and charge veloci-
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ties v, . are given by Eq. (65) and the Luttinger parameters
are

2
K=,

5 (118)

where & is given by Eq. (103). The velocity of the impurity is
expressed in terms of the solutions to the integral Eq. (105)
as

e(A"

u=m. (119)

The chemical potential of the impurity is €,(A”), where the
position A" of the hole is fixed by the requirement

P, (A =P. (120)

The parameters Vy; entering the expression for H,,, are de-
termined as follows. Following Refs. 19 and 23, we remove
the interaction term H;, through the unitary transformation
on the fields

U:exp{— lf dx{\/zc

AS. +AS_ .
—#ﬁ%)}dmdux)}, (121)
2m\VK.

AS, .~ A5,
éc(x)
aa

where
~(V,F VRK " = (0o + w)AS_ . = (v, — u)AS, .
(122)
In the resulting Hamiltonian, the impurity no longer interacts
explicitly with the charge part of Luttinger liquid, but it does

affect the boundary conditions of the charge boson. In par-
ticular we find that

v

. K,
3D .=U"9PU=dD.— —(AS8, .~ AS_)dd",

2

. 1
30.=U30.U=30,+——(Ad, +Ad_)dd".
2VK, ' '

(123)

Taking the expectation value of Eq. (123) with respect to a
state with a high-energy hole we find that

A 1
f dx{d,0,) = J dx(3,0,.) — ——=(Ab, .+ Ab_,),
2\!’KC ’

J”E
‘2 (A8, —AS_).

f dx(,D,) = f dx(3, D)+
(124)

Denoting by p. and p,.; the charge densities at the right and
left Fermi wave numbers respectively we have that the num-
bers AN and D of low-energy charge and current excitations
is

=
— ’2

AN = f dx\2[p. g+ per]=- = f dx{o, D),
T
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FIG. 9. (Color online) Threshold singularity exponent u _ as a
function of momentum for n.=0.6.

~ "’E
4D = \'ZJ dx[pc,R - pc,L] = \_f dx<ax®c>~ (]25)
w

We are now in a position to identify the additional contribu-
tions in Eq. (124) that arise from the interaction of the Lut-
tinger liquid with the mobile impurity with the quantities
NI™ and DimP

. s

A. Holon-spinon excitation

Taking into account that for the holon-spinon excitation
we have

\2 2
-— | (o Dy=-1, — | dx{6,0,)=-1, (126)
ko v

we conclude that the quantities N'™ and 2D™™ are related to
the phases Ad. . by

~AS,

) —Ad
N1cmp —_ \'2K¢~#
2

s

S i - 1 ~ 1_A5+,C +Ad_,
¢ 2 \J”ZKC 2 ’

(127)

In Ref. 23 it was shown that in the momentum range |P|
<k the single particle spectral function exhibits a threshold

singularity of the form
A(w,P) «[w— &(P)] 0, (128)

where the exponent is expressed in terms of the phase-shifts
A . by

1 K. AS,.+AS8 . |7 1| 1
mo-=l=-=|-\T+—F7—| - z| =
: 2 27 2| V2K,

2
. . 1 .
- —RC——=C | = —K.(2D™P)2 = —(1 + N'™)2,
} (2D;™) 46;( er)

(129)

We note that Eq. (129) differs from the Luttinger liquid
result®®
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K

. 1
M =1-—7

- 130
4 4K, (130)

However, in the zero energy limit P — k. the Luttinger liquid
result is recovered. Explicit results for u,_ are obtained by
solving the integral Eq. (110) numerically. In Fig. 9 we
present results for density n,=0.6 and three different values
of u.

1. Large-u limit

For u>1 we have KCZ% and using Eq. (112) we find

1 { P T

o578l k|

This suggests that the singularity is only weakly momentum
dependent and is close to a square root. The result Eq. (131)

agrees with the exponent computed by exploiting the factor-
ization of the wave function into spin and charge parts.?’~2°

(131)

2. Comparison to DMRG results

In Ref. 4 the single particle spectral function for param-
eter values u=1.225 and n,=0.6 was computed by the dy-
namical density matrix renormalization group method.’ The
following two exponents were reported based on a scaling
analysis of the low-energy peak heights

po_ ~0.86 for P=0, _~0.78 for P= 1—7(7).

(132)

The Luttinger liquid parameter and Luttinger liquid threshold
exponent are K.=0.6851 and u;; =0.4638, respectively. Our
results are

po_ =~ 0.864 for P=0, u,_=~0.832 for P= %,

(133)

The agreement for P=0 is excellent, but the P= 1—76 values are
very different. One possible explanation for this discrepancy
is as follows. The frequency range over which the power-law
Eq. (129) holds can a priori be quite small and furthermore
is expected to narrow as P increases from zero to k. Extract-
ing the threshold exponent from the scaling of the peak
height could then require very small values of the parameter
7 in Ref. 4.

B. Holon-3 spinon excitation

The threshold of the holon-3 spinon excitation can also
be analyzed in terms of a mobile impurity field theory
model.'*?3 The threshold behavior in the range k<P
<3k is no longer singular but describes a power law shoul-
der. The exponent can be expressed in terms of the quantities
D™ N.™ derived above.

VII. ELECTRON GAS

The analysis for the electron gas®® is completely analo-
gous to the one for the Hubbard model. The Hamiltonian is

PHYSICAL REVIEW B 81, 205120 (2010)

N
&+
H=-2 —5+4u>, 8x;—x;) — uN+B(2M - N).
j=1 0%; i<j

(134)
The Bethe Ansatz equations read%-3!

X (k=A
kjL:2ij—26<u), j=1,...,N, (135)

a=1 u

(136)

For the ground state and the excitations we are interested in
we only need to consider real roots of Egs. (135) and (136).
For these the “quantum numbers” /;, J,, fulfill the restrictions

if M is even

I integer
AT
J half — odd integer if M is odd,

7o integer if N—M is odd
« | half - odd integer if N—M is even,

(137)

(138)

The energy and momentum of such Bethe ansatz states are

N

E=2BM+ 2, [k; - .- B),
j=1

| & &
P=Eka—77[2]j+z.]a:|. (139)

j=1 a=1

A. Ground state and excitations in the thermodynamic
limit
In the thermodynamic limit the ground state is described
by the solution of the integral equations

A

1
pc,O(k) = 2_ + J dA’Cm(k - A)paO(A)’
T Joa

[
ps,O(A) = f dkKsc(A - k)pC,O(k)
-0

A
+J dA'K(A = A)pgo(A'),  (140)

-A
where we have defined integral kernels as

Kelk,k')=0, K. (k,A)=a(k-A),

KA k) =a;(k=A), K (AAN)=-aA-A").

(141)

. . . . . n.
Density and magnetization per site are given by n, and 5
—n,, respectively, where
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0 A
nC=J dkp.o(k), ns=f dApgo(A). (142)

-0 —A

The dressed energies of elementary charge and spin excita-
tions in the thermodynamic limit at finite density and mag-
netization are given in terms of the solutions to the coupled
integral equations

A

ec(k) = k2 - M B+ f dAKcs(k - A) GS(A),
A

o
e(A)=2B+ f Ak, (A — K)e.(k)
-0
A
+ f AN (A= ADe(A),  (143)

-A

where the integration boundaries are fixed by the require-
ments

e(*0Q)=0,

The holon-spinon excitation is constructed in complete anal-
ogy with the Hubbard model. In the thermodynamic limit its
energy and momentum are expressed as

Ehs == Gc(kh) - Es(Ah),

e(+A)=0. (144)

Phsz_pc(kh) _ps(Ah) * .
(145)

B. Finite-size corrections for threshold excitations at
|P hsl <kF

Following through the same steps as for the Hubbard
model we obtain

w

E= Legs({X°}) - 6(A") -

(vs+v,)

2T L R AN, 4 D 15
+L 42 )mvaz;ﬁ p+DyZyavaZogDp

1
- Ze;(Ah)ﬁA” +o(L™). (146)

Here egg({X“}) is the ground-state energy per site in the ther-
modynamic limit (and we again use notations where X.=Q
and X,=A), —€,(A") is the O(1) contribution of the spinon
excitation in the thermodynamic limit and v, and v, are the
velocities of the gapless elementary spin and charge excita-
tions. They are given in terms of the solutions of the integral
Egs. (140) and (143) by
(N
‘ ZWPC,O(Q) '

The dressed charge matrix Z in Eq. (146) is defined as
/- F@(@ §CS(A)}
gs(,'(Q) gsS(A) ’

where &, fulfill the set of coupled integral equations

€(4)

Vy=T—— . (147)
27Tps,0(A)

(148)
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Xy
Eaplzp) = Oup+ > f A28 ar(2)K yp(zy = 25).
y=c,s —Xy
(149)

The quantities Aﬁa and ﬁa are defined as in the case of the
Hubbard model

AN,=AN,-N™  D,=D,-D™, (150)
where now
NIm = J dkp, (k). N = f dAp,i(A), (151)
-0 —A
e (=
o= [ a0,
—o0 Q
. -A “
2D = j - f dAp,(A). (152)
_o A

Note that these are different from what we had for the Hub-
bard model. The root densities p.; and p; ; fulfill the coupled
integral equations

A
pc,l(k) =- al(k - Ah) + f dAICcs(k - A)ps,l(A) 5
-A
(153)
[
ps,l(A) = aZ(A - Ah) + f dkKsc(A - k)pcl(k)
Y

A
+J dAN' K (A= A")pg i (A'). (154)

-A

Finally, €](A) is the derivative of the dressed energy Eq.
(143) and SA"/L is the shift in the hole rapidity due to the
finite volume quantization conditions. It is obtained from a
set of equations completely analogous to Egs. (71)—(73).

C. Simplification for zero magnetic field

In the absence of a magnetic field we have A=, which
again allows us to simplify all expressions. The integral
equations for the dressed energies can be written in the form

9]
(k) =k -+ f dk'R(K' - k)€ (k'),

-0

[¢]
e(A) = f dk s(A - K)e,(k), (155)
-0

where the integration boundary Q is fixed as a function of the
chemical potential w by the requirement €.(*Q)=0. The
dressed charge matrix takes the form Eq. (102), where &
=¢&(Q) is obtained from the integral equation
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(9]
k) =1+ J k' R(k - k') E(K").

-0

(156)
The expression for the finite-size energy simplifies to

E=Legsl (X))~ €M) = 70,0, 7 /(A oN"

2 AN, — N'™P)2 -~ D.\?
+ 0, ( c . c ) " §2<DC_Dme+ __;)
L 4¢ 2

(s, La 1)
270, S 27 2 p?
+ +—=

L 2

+o(L™Y). (157)

The expressions for N2 and D'® become

0

NP = DNP _ | = f dkp, (k). (158)

Y

ZDZmP = f dk[pc,l(_ k) ~ Pe,1 (k)]s Dismp = Os (159)
Q

where p,. ; is the solution to the integral equation

1 0
pc,l(k)z_ \‘W(Ah_k)J +J;Q dk R(k_k )pc,l(k )
4y cosh| ————

u
(160)

Here R(x) is given by Eq. (104). We note that our expression
for N;™ is related to the dressed energies Eq. (143) by

4 de(A"
Ni.mpz—S( ). (161)
I
For the holon-spinon excitation we have
AN =N.=Ngs=(Ngs— 1) =Ngs=-1,
N,
AN, =N,~ == =0. (162)

Like for the Hubbard model the corrections in the low-
energy spin sector vanish, which in terms of the field theory
description implies that the interaction of the high-energy
spinon with the low-energy spin sector is irrelevant.

D. Threshold exponent

As for the Hubbard model the spectral function exhibits a
threshold singularity of the form

A(w,P) = [0 - &(P)]"0-, (163)

where the exponent wu,_ is expressed both in terms of the

phase-shifts o. . arising in the field theory treatment Eq.
(121) and in terms of the quantities N, D)™ in Eq. (159)
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] K. &.+6..]" 1] 1
=l - | —
Ho. 2 27 om 2| \2k,

5+,c - 5—,c

1 .
—(1+ Nlcmp)z.
2 4K

c

2
} =1-K.(2D™) -

(164)

In Ref. 23 the phase-shifts 6. . were expressed in terms of
properties of the excitation spectrum. We have verified the
relations given there by numerically solving the relevant in-
tegral equations for the Yang-Gaudin model.

VIII. SUMMARY AND CONCLUSIONS

In this work, we have determined the O(L™") corrections
to energies of excited states in the Hubbard and Yang-Gaudin
models for the case where in addition to any finite number of
low-energy excitations, high-energy excitations are present
as well. This extends the work of Woynarovich,® which con-
sidered exclusively low-lying excited states. We have fo-
cused on the case of a single high-energy holon or spinon,
but the method is easily extended to other cases. There are
several contributions to the O(L™!) energy corrections. One
of these arises from the quantization of the momentum for
the high-energy particle in the finite volume. More interest-
ingly, we find that the presence of a high-energy particle
leads to a modification of the low-energy part of the spec-
trum. This effect can be understood by a mapping to a model
of a mobile impurity coupled to the spin-charge separated
Luttinger liquid that describes the low-energy degrees of
freedom.”? By matching the finite-size spectrum of the mo-
bile impurity model to the one obtained from the exact solu-
tion, we have obtained explicit results for threshold singu-
larities in the spectral function A(w,q). In the momentum
range |P|<ky the negative frequency part exhibits a singu-
larity at w=¢€,(P) of the form

A(w,P) o [w— &(P)]#0-, (165)

while the positive frequency part vanishes in a characteristic
power-law fashion above w=—¢€,(P) as

A(w,P) < [w+ €,(P)]'Ho-. (166)

Expression (129) for u, _ is the main result of this work. The
resulting spectral function is depicted in Fig. 2.

There have been a number of previous studies of the
single-particle spectral function of the one dimensional Hub-
bard model below half-filling. Ref. 4 reports dynamical den-
sity matrix renormalization group results for density n,.=0.6
and U/t=4.9. We found that the threshold exponent Eq.
(129) is only in partial agreement with Ref. 4. A possible
explanation is that smaller values for the imaginary part of
the energy are required in the DMRG computation in order
to extract the singularity reliably. It would be interesting to
test this conjecture. In the large-u limit the single-particle
spectral function has been computed®’ by exploiting the fac-
torization of the wave function into spin and charge parts.?®
The behavior obtained by this method was reported in Ref.
29 and agrees with Eq. (131). Finally, singularity exponents
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obtained by completely different methods have been reported
in Ref. 29. We have checked that the numerical results for
the exponent p _ in the range |P| <kp, density n.=0.59 and
several values of u(1=0.25,1.225,2.5) are in agreement with
ours. It would be interesting to demonstrate the equivalence
of the expressions for the exponents of Ref. 29 and our re-
sults analytically.
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APPENDIX A: ZERO-FIELD LIMIT
In this appendix we consider the zero-magnetic field limit
for the quantity D{"" Eq. (83). By definition we have

o0

D™= f dA[p; (= A) = ps 1 (A)] =~ f dAf(A),

A 0
(A1)

where

f(A) = ps,l(A+A) _ps,l(_A_A)-

After Fourier transforming the integral equation for p,; we
obtain the following set of equations for f(A) and p._(k)

=pc,l(k) _pc,l(_k)
FfA)=—RA+A+AH)+RA+A-A")

(A2)

Q )
+ f dks(A + A —sin k)p, _(k) + f dAN'[R(A-A")
-0 0

—R(A+A"+2A)]f(A"), (A3)
Pe.(k) == cos(k)[s(A" = sin k) — s(A" + sin k)]

Qo

+ COS(k)J dk'R(sin k —sin k") p,. (k')
-0

- cos(k)faa dA[s(A +A —sin k)
0

—s(A+A +sin k)]f(A). (A4)

We now observe that for large A and |A"| < A+A the driving
term in Eq. (A3) is small

2N
7 (A+A)P
(AS)

RA+A+AH)—RA+A-A")=~-—

Iterating the integral equations in this limit then shows that
D™ vanishes when A tends to .

APPENDIX B: FINITE-SIZE CORRECTIONS FOR A
HIGH-ENERGY HOLON EXCITATION

Our starting point are the Bethe ansatz Egs. (7) for the
holon-spinon excitation where the spinon sits at the Fermi

PHYSICAL REVIEW B 81, 205120 (2010)

momentum of the A,’s. The hole in the distribution of ;s is
denoted by k" and the corresponding integer in the logarith-
mic form of the Bethe Ansatz Eq. (7) by I". Expressing the
Bethe Ansatz equations in terms of counting functions (41)
we have

2l 2]
S k = N . A = &
z.(k;) —‘L z,(Ap) L

. (B1)

where the integers /; and J,, are given by

M 1
Ja=‘%+§+a, a=1,....Mgs—1,
N, N,
-SEai it sj< R

Ngs . o Nos .
- +j+1 if > +1"=j<Ngs

1. Finite-size corrections

As before we turn these into integral equations by means
of the Euler-Maclaurin sum formula (43). This results in

A+ 1 —
() =k+ J dApS(A)a($)

A
1 |a(sink—=A,) a;(sink—A) 5
" 24L2[ pA) | plA) } Fo).
(B3)
0, o o h
2 (A)= J dkg(m)pc(k) _ %H(M>
0. u u
A, Y
_f dAer(Ar)a(u>
A 2u
1 {al(A —sin Q,)cos Q,
+
2417 Q)
~ a;(A —sin Q_)cos O_ B a)(A-A,) . a(A —A_)}
pQ-) ps(AL) ps(A)
+o(L™), (B4)

where a,(x) is given in Eq. (17), the root densities p,. are
given in terms of the counting functions by Eq. (49), and the
integration boundaries are fixed by

2l + 2]+
7(0Q+) = L 7(AL) = I (B5)
Here
N 1 M M
L=x=34—- J, == =-—,1 (B
2 2 2

The equation fixing the position of the hole is
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h

2l
2 (k) = % = fixed. (B7)

Here our notation makes the L-dependence of the rapidity of

the hole explicit. Following through the same steps as in Sec.
IV, we find that the finite-size energy is expressed as

1
E=Legs({X)) - e(k) + —{ = —(v, +v,)
L 6
1 -~ ~ - -
*”[ZAWZ’);Lv AN+ D700 Z4sDg

- €. (k") 5kh} . (B8)

where egs({X%}) and —e (k") are, respectively, the ground

state energy per site and the dressed energy of the holon in
the thermodynamic limit, Z,z are the elements of the dressed

charge matrix Eq. (80) and AN,, AD, are defined by Eq.
(87), where

NP = f dkpe, (k). N™= f dkp, 1 (M),
-0 -A

—A o)
2Di~mp=J dAPs,l(A)—J dAPs,l(A),
A

—00

e m
2chmp = f dkpcl(k) - dkpcl(k)
- 0

1 A
- ;fA d/\ﬁ(;)ﬂs,l(/\).

Here, the root densities p,, ; fulfill the coupled integral equa-
tions

(B9)

A
e () = cos(h) f dha[A = sin(0)]p.  (A),
A

Q

psa(k) == a\[A = sin(k")] + J

-0

dkal(A —sin k)pc,l (k)

A
—f dA'ay(A = A)pg(A'). (B10)

-A

The quantum numbers D,, AN, are
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1
D.=D.=—

¢ s s ANC=07
2

AN, =-1. (B11)

Like for the spinon threshold it is possible to express NK‘}P in
terms of the dressed energies. We find that

‘ de (k" ‘ 1| de (k") e (kK"
N g PR iy 1] 96K oe ) |
2| OB dp

m ’
(B12)

2. Simplification for zero magnetic field

In zero-magnetic field the expression for the energy sim-
plifies to

E=Legs({X*}) — (k") - L(U +v,) - —eé(kh)ékh
Am| 2
2va (AN, - N'™)? 52( i, D )
L 4¢ © 2
AN, 1)\?
)
27, 2 2 Dy
+ + (B13)
L 2 2
where
Q .
Nlmp 2N‘mp+1—f dkp,,(k), D™=0, (Bl4)
-0

2D} = f dk[p,. (= k) = pe.1(k)]
(¢

1 (¢
-— f dklpe. (k) = 8k~ K")]
-0

1 sink sin k
I'f{ =+ I'f1-i

2 4u 4u

1 sink sin k
I'f ——i {1+

2 4u 4u

Here, p.; is the solution to the integral equation
pe.1(k) = = cos(k)R[sin(k) — sin(k")]

Xiln

(B15)

Y
+ cos(k)f dk'R(sin k —sin k")p, ;(k").

(B16)
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